Relativistic mirrors can be realized with strongly nonlinear Langmuir waves excited by intense laser pulses in underdense plasma. On reflection from the relativistic mirror the incident light affects the mirror motion. The corresponding recoil effects are investigated analytically and with particle-in-cell simulations. It is found that if the fluence of the incident electromagnetic wave exceeds a certain threshold, the relativistic mirror undergoes a significant back reaction and splits into multiple electron layers. The reflection coefficient of the relativistic mirror as well as the factors of electric field amplification and frequency upshift of the electromagnetic wave are obtained.
I. INTRODUCTION
A relativistic mirror may be defined as an object that reflects incoming radiation while moving at relativistic velocity. The theory of light reflection from such an object propagating in vacuum at arbitrary (subluminal) velocity was first formulated by Einstein in 1905 1 . Since then, relativistic mirrors have been studied in many different contexts because of their great potential for both fundamental science and practical applications.
An electromagnetic wave incident on a relativistic mirror undergoes energy and frequency change due to the double Doppler effect. In a co-propagating configuration in the laboratory frame of reference, the reflected wave is stretched, its amplitude is lowered and its frequency is downshifted. On the contrary, in a counter-propagating configuration, the reflected wave is compressed, amplified and its frequency is upshifted.
Relativistic mirrors can be realized by irradiating plasma targets with intense laser pulses (see Ref. 2 for a review and the literature cited therein). They appear in laser plasma as thin dense electron (or electron-ion) shells accelerated to relativistic velocities. Various schemes that lead to the generation of relativistic mirrors have been described in theoretical as well as experimental studies (e.g. double-sided mirror [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , oscillating mirror [14] [15] [16] [17] [18] [19] , sliding mirror 20, 21 , flying mirror realized with strongly nonlinear Langmuir waves [22] [23] [24] [25] [26] [27] [28] or electron density singularities 29 ) and, hence, have already proven the feasibility of this concept.
Nowadays, relativistic mirrors in plasmas are actively studied as a unique tool for fundamental research (e.g. light intensification towards the Schwinger limit 22 , investigation of photon-photon and Delbrück scattering 27, 30 , analog black a) Electronic mail: petr.valenta@eli-beams.eu hole to investigate Hawking radiation and the information loss paradox 31 ) and for many practical applications in diverse fields; depending on whether the configuration is copropagating or counter-propagating in the laboratory frame of reference, relativistic mirrors might be used either for acceleration of ions (e.g. for hadron therapy 32 ) or for producing coherent high-brightness radiation with wavelengths ranging from x-ray to gamma-ray (e.g. for molecular imaging 33 , attosecond spectroscopy 34 ).
Maximization of the reflected radiation energy requires a more intense incident electromagnetic wave. However, sufficiently strong incident light can significantly affect the motion of the relativistic mirror (i.e. its radiation pressure can stop or destroy the mirror). In the present paper, we aim at a closer description of the recoil effects on a reflection from the relativistic mirror. We study the interaction of strongly nonlinear Langmuir waves with an incident counter-propagating electromagnetic wave as well as the properties of the reflected radiation. We discuss the regimes when the relativistic mirror undergoes a significant back reaction. We find the threshold of the onset of the recoil effects.
The paper is organized as follows: in section II we derive the threshold for the energy of the incident electromagnetic wave, in section III we discuss the physical realization of relativistic mirrors in laser plasma and in section IV we demonstrate the results of one-dimensional (1D) particle-incell (PIC) simulations and compare them with the analytical calculations.
II. RECOIL EFFECTS ON REFLECTION FROM RELATIVISTIC MIRRORS
For a relativistic mirror propagating at constant velocity v M in vacuum, the frequency upshift of a normally incident
In the ultra-relativistic limit, i.e. when γ e0 ≫ 1, Eq. (7) can be simplified as
The two terms in the denominator of Eq. (8) correspond to the energy of the electron layer and interacting photons, respectively. The resulting frequency upshift of the reflected radiation is determined by the relation between both terms:
The limit (9a) corresponds to the approximation of a weak incident electromagnetic wave, and produces the classical frequency upshift factor corresponding to the double Doppler effect (see Eq. (1)). In the opposite limit (9b), the incident radiation significantly affects the motion of relativistic mirror, so that the frequency of the reflected electromagnetic wave is in fact downshifted by the factor of N e m e c 2 γ e0 / RN γh ω 0 ≪ 1. We define the threshold characterizing the recoil importance in this interaction as a midpoint between the limits given by Eqs. (9a) and (9b), when the energy of the interacting photons is comparable to that of the electron layer,
where κ < 1 is a small factor. Obviously, much less energy than the kinetic energy of the mirror can affect the reflection process.
III. RELATIVISTIC MIRROR REALIZED WITH A LANGMUIR WAVE
A sufficiently short and intense laser pulse excites a strongly nonlinear Langmuir wave in underdense plasma 35, 36 . The electron density modulations of the Langmuir wave in the wake of the laser pulse take the form of thin dense shells separated by cavities of length corresponding to the Langmuir wave wavelength λ w . A weak counter-propagating electromagnetic wave is partially reflected from these shells, undergoing energy and frequency change in accordance with the double Doppler effect. For this case, Eq. (1) becomes 2
so that it includes the difference between the phase and group velocity in plasma. Here, ω pe = 4πn e e 2 /m e is the Langmuir frequency corresponding to the background electron density n e , β w is the phase velocity of the Langmuir wave normalized by c and γ w = 1/ 1 − β 2 w is the corresponding relativistic Lorentz factor. The symbol e stands for the electron charge.
If the velocity of the electrons in the vicinity of the electron density spike exceeds the phase velocity of the Langmuir wave, i.e. γ e > γ w , the Langmuir wave breaks. This corresponds to the Akhiezer-Polovin limit 37 for the longitudinal electric field, E x , of the Langmuir wave,
For the Langmuir wave at the threshold of wave-breaking, its reflection coefficient in terms of photon number, R, is (see
where Γ(x) is the Euler gamma function 38 .
In order to estimate the threshold given by Eq. (10) for the relativistic mirror realized with a breaking Langmuir wave, we represent, for simplicity, the incident laser pulse as an electromagnetic wavepacket with a rectangular profile and intensity I, duration τ and cross-sectional area S. We assume normal incidence of this wavepacket on the relativistic mirror. The number of photons in the pulse, N γ , is given by the following expression,
For a nearly-breaking Langmuir wave, for which Eq. (13) holds, approximately half of the plasma electrons are concentrated in the electron density spike in each wave period. Therefore, the number of interacting electrons, N e , is
Using the reflection coefficient of the Langmuir wave of Eq. (13), and, respectively, the number of interacting photons and electrons of Eqs. (14) and (15), we rewrite the threshold of Eq. (10) in terms of the fluence (the product of intensity and duration) of the incident wavepacket:
As can be seen from this formula, even a low intensity electromagnetic wavepacket is able to destroy the mirror, if it is sufficiently long. However, the relativistic mirror realized with the Langmuir wave consists of electrons that are continuously flowing through it. Consequently, the structure of the electron density spike is being refreshed every moment in time. Thus, the applicability of the model given by Eqs. for a short-time interaction and sufficiently large electromagnetic wave intensity. We intrepret the threshold of Eq. (16) as a condition for the minimum wavepacket duration required for a recoil effect,
In this interpretation, the incident wavepacket intensity becomes the main critical parameter for the recoil effects. Below, we investigate the applicability of the model and, in particular, Eq. (17) by PIC simulations.
IV. PARTICLE-IN-CELL SIMULATIONS
The properties of relativistic mirrors realized with strongly nonlinear Langmuir waves in underdense plasmas are studied numerically by means of PIC simulations in a 1D Cartesian geometry. The 1D configuration is sufficient for the investigation of the Langmuir wave interaction with a counterpropagating laser pulse and beneficial in view of the necessity of resolving frequency upshifted electromagnetic radiation according to Eq. (11) . The results can be extrapolated to higher dimensions considering laser pulses with a wide focal spot. The simulations are performed using the fully relativistic electromagnetic PIC EPOCH code 39 .
A. Simulation Setup
The laser pulse that drives the Langmuir wave (from here on referred to as the "driver") enters the simulation domain from the left boundary and propagates in the +x direction. The laser pulse that undergoes the reflection from the Langmuir wave (from here on referred to as the "source") enters from the right and propagates in the opposite (i.e. −x) direction. In the following, we use the superscripts "d", "s" and "r" to denote the quantities which characterize the driver, the source and the reflected pulse, respectively.
The driver is characterized by a wavelength in vacuum
where ω d 0 is its angular frequency, and by the normalized amplitude a d 0 = 10 defined as a d where E d 0 is amplitude of the electric field in vacuum. Its temporal profile is Gaussian with a full-width-at-half-maximum
The values of a d 0 and τ d 0 are set so that they are optimal for the Langmuir wave generation 35, 36 ; the driver amplitude a d 0 is set to be sufficiently high in order to excite a large amplitude nonlinear wave which breaks in a controlled way and the driver duration τ d 0 is chosen such that the wave is excited resonantly (i.e. cτ d 0 ≈ λ w /2). The driver is linearly polarized with the electric field directed along the y-axis.
The wavelength of the source pulse is λ s 0 = 5 λ d 0 . By this choice we keep λ s 0 sufficiently short so that the effects of plasma dispersion on the source are not significant, but long enough to substantially reduce the computational demands of the simulations. The source has a semi-infinite flat-top temporal profile which allows us to analyze the simulation results more clearly. The normalized amplitude of the source, a s 0 , is varied in the simulations in order to thoroughly describe its impact on the reflection from the Langmuir wave. The source is linearly polarized in the direction perpendicular to the driver polarization (i.e. along the z-axis), thus its electromagnetic field can be clearly distinguished.
Both laser pulses, the driver and the source, propagate in a pre-ionized uniform hydrogen plasma with electron and proton densities n 0 e,p = 10 −2 n d c , where n d c = m e (ω d 0 ) 2 /(4πe 2 ) is the critical plasma density with respect to the driver pulse. A smooth ramp is added to the left side of the target in order to reduce the effect of wave-breaking from a sharp rising plasma edge 40 . The ramp is defined by the function n e,p (x) = n 0 e,p (3 − 2(
The values x 1 = 0 and x 2 = 80 λ d 0 have proven to provide a sufficiently smooth transition (one can see the plot of the density ramp n e,p (x) in Fig. 1 ). The plasma is cold and collisionless. The electrons and protons are represented by quasi-particles with a triangular shape function. The number of quasi-particles per cell is 10 for both particle species.
The simulations utilize a moving window technique 41 which allows to substantially decrease the length of the simulation domain. For this, the EPOCH code was modified in order to continuously introduce source pulse at the right bound-ary of the moving widow. The length of the simulation window is 80 λ d 0 and it moves along the driver propagation direction at a velocity equal to c. The resolution of the Cartesian grid is 30 cells per theoretically estimated wavelength of the reflected radiation λ r . The value of λ r is calculated using Eq. (1), where we estimate γ M ≈ ω d 0 /ω pe . The simulation domain thus contains 1.92 × 10 5 cells in total and the simulation time is set to 450 T d 0 . The electromagnetic fields are calculated using the standard second-order Yee solver 42 with the CFL number 43 equal to 0.99. Absorbing boundary conditions are applied on each of the simulation domain sides for both the electromagnetic field and particles.
B. Simulation Results
First, we present the results of the simulation where the normalized amplitude of the source is relatively low, a s 0 = 10 −4 , in order to avoid recoil effects and significant distortions of the Langmuir wave. The driver pulse starts to excite the Langmuir wave as soon as it enters the plasma. When the driver reaches the uniform plasma density region, the Langmuir wave takes the form of sharp electron density spikes separated by cavities. We consider the properties of the first electron density spike of the Langmuir wave formed behind the driver, which serves as a relativistic mirror. The first important parameter of the density spike in our study is its phase velocity because it determines the magnitudes of the carrier frequency upshift and electric field amplification of the reflected wave (see Eqs. (1) and (2)). Fig. 2(a) shows the evolution of the first electron density spike of the Langmuir wave behind the driver in the x − t plane, (b) its normalized phase velocity β w and (c) the corresponding relativistic Lorentz factor γ w . The moment of wavebreaking, t ≈ 190 T d 0 , is in Fig. 2 denoted by black dashed lines. It corresponds to the limit given by Eq. (12) . At this moment, the electron density spike is centered around the point x ≈ 150 λ d 0 . The reflectivity of the Langmuir wave becomes significant when the wave is closer to breaking 2 . After the wave-breaking, it is determined not only by the properties of the regular Langmuir wave, but also by the properties of the injected electrons. From Fig. 2 , it can be clearly seen that the Langmuir wave decelerates in uniform plasma, which is partially caused due to nonlinear energy depletion of the driver 45 and due to the wave-breaking. The reflected electromagnetic radiation is shown in Fig. 3(a) . As can be seen, its amplitude is modulated. The modulations are caused by the electrons injected into the accelerating phase of the wakefield after the wave-breaking, which is shown in Fig. 3(b) . Fig. 3(c) displays the local carrier wavenumber of the reflected pulse. To obtain the local carrier wavenumber at any point in a reflected wavepacket, we first find the analytic signal from the original signal using the Hilbert transform 46 . The local carrier wavenumber is then obtained by differentiating the local phase (which corresponds to the phase angle of the analytic signal) with respect to x. It can be clearly seen that the reflected signal has a positive chirp which corresponds to the mirror deceleration. The wavelength of the reflected signal λ r ranges from ≈ 0.17 λ s 0 to ≈ 3.3 × 10 −3 λ s 0 , hence the upshift factor with respect to ω s 0 ranges from 6 to 298. Due to the effects of plasma dispersion, however, the wavelength of the source pulse interacting with the electron density spike is slightly larger than the vacuum wavelength, λ s ≈ 1.04 λ s 0 . Thus the maximum factor of the frequency upshift with respect to ω s is about 310. From this frequency upshift factor using Eq. (11) we can estimate the relativistic Lorentz factor of the electron density spike as γ w ≈ 9.2, which corresponds to the instant of time t ≈ 140 T d 0 . Using the dependence of the local carrier wavenumber of the reflected pulse on the electron density spike coordinate k r loc (x) and the dependence of the spike coordinate on time x * (t), we obtain the time dependence of the frequency upshift factor of the reflected pulse,
As seen in Fig. 4(a) , the frequency upshift factor obtained in this way very well agrees with the calculation using Eq. (11) and the relativistic Lorentz factor of the electron density spike γ w shown in Fig. 2(c) .
Using the dependence of the reflected pulse electric field envelope amplitude on the spike coordinate E r env (x * (t)), we obtain the time dependence of the electric field amplification factor,
As seen in Fig. 4(b) , the electric field amplification factor obtained in this way shows again fairly good conformity with the calculation using Eqs. (11) and (13) and the relativistic Lorentz factor of the electron density spike γ w shown in Fig. 2(c) . We find that the electric field amplification factor reaches its maximum at the moment of wave-breaking, with the electric field of the reflected pulse being amplified more than 6 times. Using the factors of the frequency upshift and the electric field amplification of the reflected pulse shown in Fig. 4(a) and (b), we reconstruct the instantaneous reflection coefficient of the electron density spike in time, Fig. 4(c) . For comparison, in Fig. 4(c) we also plot the instantaneous reflection coefficient computed using Eq. (13) and the relativistic Lorentz factor γ w shown in Fig. 2(c) . We find that the reflection coefficient in terms of photon number grows from ≈ 10 −3 at the moment of wave-breaking up to ≈ 5 × 10 −2 at the end of the interaction.
In order to investigate the recoil effects and explore the regimes around the threshold given by Eq. (16) , we increase the amplitude of the source. Now, the source pulse encounters the electron density spike at the moment of wave-breaking (t = 190 T d 0 ). Its normalized amplitude a s 0 is varied from 0.01 to 1. The reflected radiation for the simulated cases can be seen in Fig. 5(a) . In the case of a s 0 = 0.01, the interaction corresponds to the weak incident pulse approximation and the impact of the source pulse is compensated by the electron flow that refreshes the structure of the density spike. For much larger amplitude, a s 0 = 1, only one cycle of the reflected wave is formed before the relativistic mirror is destroyed. Moreover, the radiation pressure of the source pulse in this case pushes the mirror back which results in lower factors of the frequency upshift and the electric field amplification.
The threshold (17) gives the minimal duration of the incident electromagnetic wave necessary to cause a significant 
where τ s 0,min is normalized by T s 0 , λ s 0 and λ w by λ d 0 and n e by n d c . This quantity is shown in Fig. 5(a) , for different source pulse amplitudes and κ = 1.5 × 10 −4 . The value of the coefficient κ is obtained from the comparison of the spatial profiles of the reflected wave for different incident wavepacket amplitudes. We assume that the duration τ s 0,min roughly corresponds to the time period where the reflected wave coincides with the weak-source approximation. We see that for a s 0 = 0.01 the reflected wave corresponds to the weak-source approximation and classical double Doppler effect. Here τ s 0,min is very large. For a s 0 = 1, the recoil effects are well pronounced; the spatial profile of the reflected wave deviates from the weak-source approximation almost immediately. In this case τ s 0,min is almost zero. Between a s 0 = 0.01 and a s 0 = 1, the properties of the spatial profile of the reflected wave correlate with the minimum source duration causing recoil effects given by Eq. (18), derived from the model (3) - (6) .
A time span needed for a density spike to be fully refreshed by the electron flow can be roughly estimated as
where v d g is the group velocity of the driver pulse. During this time span, the density spike interacts approximately with 7.62 cycles of the source pulse. Therefore, if τ s 0,min > 7.62 T s 0 the impact of the source pulse on the density spike is compensated by the flow of electrons and the interaction corresponds to the weak-source approximation. Using Eq. (18) with κ = 1.5 × 10 −4 , this condition is equivalent to a s 0 < 0.026. In Fig. 5(b) and (c), one can see the phase space of electrons located in the density spike illustrating the importance of the recoil effects of the relativistic mirror for two different amplitudes of the source pulse. For relatively small amplitudes, the structure of the electron density spike and the injected electrons (appearing after wave-breaking) are not affected, Fig. 5(b) . When the intensity of the source pulse be- comes sufficient to alter the motion of the electrons in the density spike, the spike splits into several layers, Fig. 5(c) . The disappearance of the periodic structure of the reflected electromagnetic wave seen in Fig. 5(a) for a s 0 ≥ 0.05 is partially due to destructive interference of waves reflected from the multilayered structure of the split electron density spike and due to the recoil effects.
V. CONCLUSION
We study recoil effects of relativistic mirrors in the form of strongly nonlinear Langmuir waves driven by short intense laser pulses in underdense plasmas. This is important for the question of the feasibility of relativistic mirrors for the development of compact and tunable sources of coherent shortwavelength radiation. Using analytical calculations and PIC simulations, we investigate the properties of the Langmuir wave as well as the reflected pulse. We also find the threshold for the energy of the laser pulse incident on the electron density spike above which the relativistic mirror undergoes significant recoil.
We show that the Langmuir wave driven by a short intense laser pulse in uniform plasma decelerates and, therefore, the reflected radiation has a positive chirp. We find that the electric field amplification factor of the reflected radiation reaches its maximum at the moment of wave-breaking. In addition, our results show that for a given intensity of the source pulse there exists an optimal duration of the source pulse; longerthan-optimal pulses have lower reflected-to-incident energy ratio. Moreover, for a given Langmuir wave excited by the driver pulse there exists an optimal intensity of the source pulse which provides the most intense reflected wave with almost the same frequency upshift factor as in the weak-source approximation.
The sources of coherent high-brightness radiation with wavelengths ranging from x-ray to gamma-ray are of great demand for many practical applications in diverse fields. Relativistic mirrors in laser plasmas can give a promising alternative for the development of radiation sources with tunable parameters at significantly reduced size and cost, in comparison with conventional devices.
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